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1 Introduction 

Let be a bounded, simply connected domain in with smooth boundary dfl, and u be 
the unit outward normal vector to dQ. First, we consider the regularity criterion of the 

* Corresponding author. 
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Boussinesq system with zero heat conductivity: 


divn = 0, (1.1) 

dtu + u ■ Vu + Vtt — An = ^ 63 , (1.2) 

dtO + u-V9 = Q in r2x(0,cxD), (1.3) 

n ■ n = 0, curln X 1/= 0 on 511 x (0, cxo), (1.4) 

(n, 0)(-, 0) = (wq, ^ 0 ) in H C (1.5) 

where n, tt, and 9 denote unknown velocity vector field, pressure scalar, and temperature 
scalar of the fluid, respectively, u := curln is the vorticity and 63 := ( 0 , 0 , l)h 


When d = 0, fll.ll) and fll.2p are the well-known Navier-Stokes system. Giga [Tj, Kim 
[2], Kang and Kim [5] have proved some Serrin type regularity criteria. 

The first aim of this paper is to prove a new regularity criterion for the problem fll.ip - 
fll.Sp . we will prove 

Theorem 1.1. Let Uq G H^,9q G with 3 < p < 6 and divwo = 0 in fl and Uq ■ v = 
OjCurlwo X n = 0 on dVL. Let {u,9) be a strong solution of the problem fll.ll) - fll.5p . If u 
satisfies 

Vue L\0,T;BMO{n)) (1.6) 

with 0 <T < 00, then the solution (n, 9) can be extended beyond T > 0. Here BMO denotes 


the space of bounded mean oscillation. 

Secondly, we consider the blow-up criterion of the 3D MHD system 

divn = div6 = 0, (1.7) 

dfU + u ■ Vn -I- V ^vr -I- ~ ^ (1-8) 

dfb + u ■ Vb — b ■ Vu = Ab in r2x(0,oo), (1.9) 

M ■ z/ = 0, curl n X 1/ = 0, 6 ■ 1/= 0, curl fe X n = 0 on dflx{0,oo), (1-10) 

(n, 6 )(-, 0 ) = (wq, ^0) in D C (1-11) 

Here b is the magnetic field of the fluid. 


It is well-known that the problem fll.7p - fll.lip has a unique local strong solution [1]. But 
whether this local solution can exist globally is an outstanding problem. Kang and Kim [3] 
prove some Serrin type regularity criteria. 

The second aim of this paper is to prove a new regularity criterion for the problem 
flTTP - fll.llI) . we will prove 

Theorem 1.2. Let UQ,bQ G with divuo = div 6 o = 0 m D and Uq ■ n = bo ■ n = 
0, curl Wo X n = curl 60 x n = 0 on dfl. Let {u,b) be a strong solution to the problem 
fll. 7 p - fll.lip . If fll.6p holds true, then the solution {u,b) can be extended beyond T > 0. 
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Remark 1.1. When VL := our result gives the following well-known regularity criterion 


u := curlM e 

but the method of proof we used is different from that in lEm- Here ^ denotes the 
homogeneous Besov space JT^. 

Next, we consider the following 3D density-dependent MHD equations: 


divw = div6 = 0, (1.12) 

-|-div (pw) = 0, (1-13) 

dt{pu) + div {pu (g) w) -I- V ^TT -I- ~ = b ■ Vb, (1-14) 

dtbu ■ Vb — b ■ Vu = Ab in f2x(0,cx)), (1-15) 

ti = 0, 6 ■ 1/= 0, curl fe X = 0 on dflx{0,oo), (1-16) 

(p,pri, fe)(-,0) = (po,poWo,&o) in D C R^. (1.17) 


For this problem, in [5], Wu proved that if the initial data po,Uo, and 6o satisfy 

0 < Po G Uq G Hq n 77^, 6o ^ —Auq -\- V ^tto -|- 2 4” \/^9 (1-18) 

for some (tto, g) G x L^, then there exists a positive time T* and a unique strong solution 
{p,u,b) to the problem fll.12p - fll.17p such that 

p G ^([O, T*]; H^),ue ^([0, T,];H^ n H^) n L\0, T*; H^), 

ut G G L°°(0,r,;L2), (1.19) 

b G L“(0, T,; 772) p ^ 2 ^ 0 , T,; H^),bt G L°°(0, T*; L^) n Tp, 77^). 

And when 6 = 0, Kim [2] proved the following regularity criterion: 

tt G L^(0, T; L^(r2)) with 3 < s < 00 . (1.20) 


Here denotes the weak-L® space and Lff = L°°. 

The aim of this paper is to rehne fll.201) . we will prove 

Theorem 1.3. Let po,riO; o^nd bo satisfy fll.lSp . Let {p,u,b) be a strong solution of the 
problem fll.12p - fll.17p in the class fll.lQp . If u satisfies one of the following two conditions: 


(*) 

(u) 


\u{t)\\ 


2s 

s-3 

Lt 


Jo 1 + log(e+||^i(tj||Lj 

u G L\0,T;BMO{n)) 


-dt < 00 with 3 < s < 00 , 


with 0 < T < 00 , then the solution (p, u, b) can be extended beyond T > 0. 


( 1 . 21 ) 

( 1 . 22 ) 
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Finally, we consider the 3D Landau-Lifshitz system: 

dtd — Ad = d\Vd\'^ + d X Ad,\d\ = 1 in Dx(0,cx)), (1.23) 

d,^d = 0 on X (0, cx)), (1-24) 

(i(-, 0) = do, |do| = 1 in D C (1-25) 


Carbon and Fabrie [B] showed the existence and uniqueness of local smooth solutions. When 
D := R"" (n = 2,3,4), Fan and Ozawa proved some regularity criteria. The aim of this 
paper is to prove a logarithmic blow-up criterion for the problem fll.23l) - fll.25l) when D is a 
bounded domain. We will prove 

Theorem 1.4. Let do G with |do| = 1 in D and dyd^ = 0 on dVL. Let d be a local 

smooth solution to the problem fll.23p - fll.25p . If d satisfies 



1 -|- log(e -|- II Vdlli^q) 


dt < oo with 3 < g < oo. 


(1.26) 


and 0 < T < oo, then the solution can be extended beyond T > 0. 


In the following section 2, we give some preliminary Lemmas which will be used in the 
following sections. The proof of Theorem II.II of problem (11.ip - (11.51) will be given in section 
3. The new regularly criterion of Theorem 11.21 for the 3D MHD problem fll.7p - (11.lip will 
be proved in section 4. In section 5 is the proof of the Theorem 11.31 and in the next section 
6 we give the main proof of final Theorem 11.41 


2 Preliminary Lemmas 


In the following proofs, we will use the following logarithmic Sobolev inequality [S]: 

3 

||Vm||loo < (7(1-h ||Vm||smo log(e + ||m||w'=-p)) with s>l-h-. (2.1) 

P 

and the following three lemmas. 

Lemma 2.1. (J^). Let Q O be a smooth bounded domain, /ef 5 : D —)■ R^ be a smooth 
vector field, and let 1 < p < oo. Then 


- I Ab-b\b\P-^dx = 


\b\P-^\Vb\^dx + 4^^-^ [ \V\b\2\‘^dx 

P Jq 


'an 


\b\P-\b ■ V)b -uda- / \b\P-\cuT\ bxv)- bda. 


( 2 . 2 ) 


'an 


Lemma 2.2. ( ITU. rO] /). Let Q be a smooth and bounded open set and let 1 < p < oo. Then 
the following estimate: 

ll^llLp(ao) ^ C'llfoll^p^^^llfell^i^p^j^^ (2.3) 

holds for any b G hF^’^(D). 


4 
























Lemma 2.3. There holds 


||/||L°°(n) < ^*(1 + WfllsMOin) log^ (e + WfWw^’^in))) (2-4) 

for any f e 

Proof. When f2 := (12.4^ has been proved in Ogawa na. When is a bounded domain 

in We can dehne 

/ in f2, 

0 in := \ 

Then we have [10, Page 71] 

II/IIiv 1-4(R3) = ||/||wi'-‘(0) 

and it is obvious that 

||/||l°°(r3) = ||/||l°°(o), ||/||bmo(r3) = ||/||bmo(o)- 
Thus 02.41) is proved. 

Finally, when b satishes b ■ u = 0 on dQ, we will also use the identity 

{b ■ V)b ■ n =—{b ■ V)v ■ b on dVt 
for any sufficiently smooth vector held b. 


□ 

(2.5) 



3 Proof of Theorem II .11 


This section is devoted to the proof of Theorem 11.11 Since it is easy to prove that the 
problem 01.ip - 01.5p has a unique local-in-time strong solution, we omit the details here. We 
only need to establish a priori estimates. 

First, thanks to the maximum principle, it follows from 01.11) and 01.3p that 


Testing 01.2p by u and using 01.11) and 03. ip . we see that 

[ u^dx+ [ |curlMp(ia;< [ Oe^ ■ udx < - [ 6‘^dx + - [ vfdx, 

^dtj^ Jn' ' -Jn ~‘2Jn ^ Jo 

which gives 

||'^^||L°°(0,r;L2) -|- ||'n||L2(o,T;rfl) < C. 

Applying curl to 01 . 2 p and setting u := curln, we hnd that 

dtu: -|- u ■ Vu — Au) = u) ■ Vu -I- curl ( 6 * 63 ). 


(3.1) 


(3.2) 

(3.3) 
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Testing fl3.3p by u and using fll.ip and fl3.ip . we infer that 


1 d 

2 dt 


\u'\^dx+ / Icurlcal^dx = / {u-V)u-u:dx+ / ^eacurltadx 

J Q, Ju Jq 

< ||Vm||loo / u‘^dx-\ — / Icurltal^dx + (7, 


which implies 


£ 

dt 


\u\'^dx + / Icurltapdx < CII VwIIloo / \u\‘^dx + C 


and therefore 


provided that 


< (7(1 + ||Vti||ijMo) log(e + IImIIj^s) / \u\‘^dx + C, 


\u\‘^dx+ / \\cuT\u\\'j^ 2 dT < C{e + 

Jto 


W'^uWBModr < e << 1 


^to 

and y{t) := sup ||m||h 3 for any 0 < to < t < T and Co is an absolute constant. 
Applying dt to fll.21) . we deduce that 

d^u + u ■ Vut + VvTt — Atii = —ut ■ Vu + OtC^,. 

Testing fl3.6p by Ut, using fll.ip . fll.3p . fl3.ip and (13.21) . we derive 


1 d 

2 dt 


\ut\‘^dx + / IcurlMfpdx 


= — / UfVu- Utdx + / Ote^utdx 


= — UfVu-Utdx— / div (ri 6 *)e 3 ttt(ix 

Jn Jn 

= — UfVu-Utdx+ / uOV {e3Ut)dx 

Jq Jq 

< ||Vu||l‘« / \ut\^dx-\-t / \Qu.\:\ut\^dx + C 

Ja ^ Jn 

< C(1 + ||Vu||bmo) log(e + y) / \ut\'^dx^- / IciirlUff^dx + C, 


(3.4) 


(3.6) 


(3.6) 


which yields 


ut\‘^dx+ / / \cuT\ut\'^dxdT < C{e + y)^°^. 


to J 


(3.7) 
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On the other hand, thanks to the i/^-theory of the Stokes system, if follows from fll.2p . 
fl3.ip . fl3.4p and fl3.7p that 

||m||h2 < C\\ — Au + 

< C\\dtU + U ■ Vu — 06311^2 
<C\\Ut\\L2+C\\u\\LA\^u\\L^+C\\e\\L2 

— + c*!! V'u|||^2||w|||^ 2 + o, 

which implies 

\\u\\h^ < C\\ut\\L^ + C\\\/u\\l, + C<C(e + yfo^. (3.8) 

Applying V to fll.3l) . testing by |V0|^“^V0 (2 < p < cxd) and using fll.ll) . we get 

4llV0||LP<C'||Vn|Uoo||V0|Up 

at 

< 0(1 + WVuWbmo) log(e + y)\\V9\\LP, 

which leads to 

W'^OWioo^toALP) <c{e + y)^°" with 2 < p < oc 
Testing (|3.6p by -Aut + Vyr*, using (|1.1|) . (|1.3|) . (|3.7|) . (|3^ and 
1 d 


(3.9) 


we obtain 


2 dt 


Icurluifda; + / \ — Aut + Vntfdx 


= / {-ut ■ Vn + Otes - u ■ Vut){-Aut + V'Kt)dx 

Jn 

< {\\Vu\\Le\\ut\\L 3 + ||m||loo| 1V6'||2.2 + ||M||L-||Vnt||L2)|| - Aut + V7rt||i2 

< \\u\\H2{\\ut\\H^ + II V6'||i2)|| - Aut + V7rt||2,2 

< 2^ ~ + ^^illL2 + C'||'u||^2(||Mt||^i + ||V0||^2), 


which leads to 


jcurltitpcix + / ||Mi||^2dr < 0(6 + ?/)‘^°h 


(3.10) 


'to 


On the other hand, if follows from fl3.3p . (13.101) . (13.91) and (13.8p that 

1111^3 ^ 0(1 + ||A(n||2,2) 

< 0(1 + + u ■ Vu — u ■ Vu — curl ( 6 * 63 ) 11 ^ 2 ) 

< 0(1 + ||5ia;||2,2 + ||ti||2,c=o||V ci;|| 2,2 + ||a;||i4||V'u||2,4 + ||V6*||i2) 

< C(e + yf’’, 

which gives 

ll'w||L°°(0,T;ir3) < C, 

and 

II^I|l°°(o,T;W1'P) a O with 3 < p < 6. 

This completes the proof of Theorem 11.11 


(3.11) 

(3.12) 
□ 
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4 Proof of Theorem 11.2 


This section is devoted to the proof of Theorem II .21 we only need to prove a priori estimates. 
First, testing fll.Sp by u and nsing fll.7|) . we see that 


[ u^dx+ f |cnrlnP(ix= [ (b ■ V)b ■ udx. 
2 dt Jo Jo Jo 


(4.1) 


Testing fll.Qp by b and nsing fll.7p . we find that 


1 d 

2 dt 


b^dx+ / \cm\h\^dx= / {b-V)u-bdx. 


(4.2) 


Snmming np fl4.ip and fl4.2|) . we get the well-known energy ineqnality 

“"T" f (u^ + b‘^)dx+ [ (IcurlnP-I-|curlf)P)(ia; < 0. 

2 dt 

Testing fll.9p by \b\P~‘^b (2 < p < 6), nsing fll.7l) . fl2.2p . fl2.3p and fl2.5p . we derive 


(4.3) 


1 d 
p dt 


\b\^dx + - / \bf ‘^\Vb\‘^dx + A 


p — 2 

r,2 I 

P JQ 


\V\b\2\^dx 


'dn 


\b\P-\b ■ V)iy bda + / b-Vu-\b\P-%dx 


<C \b\Pdx+\\Vu\\L^ \h\Pdx 
Jan Jn 

p — 2 


< 2 - 


< 2 


P Jn 

p — 2 

I 

P Jn 


|V|6|t|"dx + C'(l +liVnIUoc) / \b\Pdx 

Jn 

\V\b\^^dx + C{l + \\Vu\\BMo) f \b\Pdx\og{e + y), 


which implies 


L^{to,t-,Lp) + / / \b\‘^\Vb\‘^dxdT <C{e + y)'^°^ with 2 < p < 6, 


to J Q, 


(4.4) 


with the same y and e as that in fl3.5p . 

Taking cnrl to fll.Sp and fll.9p . respectively, and setting u := curln and j := cnrl6, we 
infer that 


dtU! + u ■ Voo — Au = u) ■ Vu + b ■ Vj -|- V6i x dja, 

i 

dtj + u ■ Vj — Aj — b ■ Vw + Vfej X diU — Vui X dib. 


(4.6) 


(4.6) 

























Testing fl4.5p and fl4.6p by u and j, respectively, summing up the result and using fll.Tp . 
we have 

-4- [ (oo'^ + j‘^)dx + f (IcurltaP + Icurl jPida; 

2 dt 

= {u ■ V)m • udx + / (V6i X dib)ujdx + / (Vfej x diu) ■ jdx — / (Vu* x dib) ■ jdx 

Jn i dn i dn ■ Jn 

< C\\Vu\\loo f {oj‘^ + j‘^)dx 

Jn 

< (7(1 + ||Vm||smo) [ iuj‘^ + f)dx\og{e + y), 

Jn 

which implies 


/ {u^ + i‘^)dx + / / (Icurlcap + |curl j|^)(ixdr < (7(e + 

J Q. J to J Q 

Thus, it follows from (ll.Sp . (II.Qp and (14.71) that 


(4.7) 



(l“y + Vhf‘)dxdT < C(e + (4.8) 

fto JQ 

Applying dt to fll.81) . we have 

d^u + u ■ Vut + Vtt^ — Awj = div {b ® h)t — Ut ■ Vu. (4.9) 

Testing fl4.9p by Ut and using fll.7p . we get 

— / + j \cViT\ut\^dx 

= — f {U'bj)tdju\dx — j Ut ■ Vu ■ Utdx 

i,j dn 

< C'||f)Ji3||fe|U6||VMi|U2 + ||VM|U2||Mji4 

< C\\bt\\l2\\cui\bt\\l2\\cuT\ut\\L4HL<^ + C\\Vu\\L4ut\\l2\\cuT\ut\\l2 

<5||cnrl«,||i. + 5||cnrl6,||i.+q|fe,||i.||6||ia+q|V«||i.||«*||^ (4.10) 

for any 6 G (0,1). 

Applying dt to fll.91) . we have 


dxb + u ■ Vbt — Abt = bt ■ Vu + b ■ Vut — Ut ■ V6. 


(4.11) 
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Testing fl4.1ip by bf and using fll.7p . we deduce that 

— [ \bt\^dx+ [ \cuT\bt\'^dx 
2 dt 

= j {bt-Vu + b-Vut — Ut ■Vb)btdx 

< \\vuh4bt\\% + \\bh4^uth4bt\\LS + \\vbh4u4L4b4L^ 

< (5||curl6J^2 + (5||curlMj^2 

+C\\Vu\\i4b4l^ + C'||&||ia||6,||i. + C\mu\\u4l. + \\b4h) (4.12) 

for any S G (0,1). 

Combining 04.101) and 04.12p and taking S small enough and using 04.Tp and 04.8p . we 
have 


{\ut\'^ + \bt\4dx + / / (Icurltiil^ + |curl6tp)da:dr < (7(6 + 


to J Q, 


It follows from Ol.Sp . Ol.Op . 04.Tp and 04.13P that 

\\4\L°°{to,t;H'^) + \\b\\L°°{to,t;H^) — ^*(6 + 

Testing 04.Op by V (vr + — Art*, and using 01 .Zp . we find that 

1 , 


1 d 

2 dt 


I curl Utfdx + 


'n 


V ( 7r+ 7|fe|2 ) -Aut 


dx 


= j^4b ■ Vb)t -UfVu-u- Vut) (^V i^Tv + -|6|2 
< c'(||fe|Uoo||V6i|U2 + \\b4L4^b\\L^ + \\u4l4^u\\ls 

V fvr + 1 - Aui 


Auf I dx 


+ ||m||l“ II V'U 4 ||j^ 2 ) 


L2 


< 


V[7r+^\b\^j^-Au, 


+ C'(||«||i. + ||V^x||i3)||V«,||i2 


+C(||6||i. + ||V6||i3)||Vf>,||i2. 

Similarly, testing 04.lip by —Abt, we infer that 

^4: f |curl6t|^(ix + [\Abt\‘^dx 


2 dt 


in 


(4.13) 


(4,14) 


(4.15) 


= / {uf Vb + u ■ Vbt — bt ■ Vm — b ■ Vut)Abtdx 

Jn 

< (lki|Ue||Vf>|U3 + ||w|Uoc||V6i|U2 + ||Vw|U3||fei||i6 + ||f)||L.o||VMi|U0l|A&t||L2 

< 1|| A5,||'i. + C(||u||i„ + II Vu||i,)||V5,||i, + (7(||5||i„ + || V5||i,)|| V«,||i.. (4.16) 
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Combining fl4.15p and fl4.16p and using fl4.14p and fl4.13p . we have 

[ (Icurl-Uil^ + |curl6t|^)(ix + f f {\Aut\‘^ + \Abt\'^)dxdT < C{e + (4.17) 

J^ Jto JQ. 

On the other hand, it follows from fl4.5p . fl4.6p . (14.31) . fl4.17p and fl4.14|) that 

II'^(^)IIh 3 + Il^(^)l|ir3 ^ ^*(1 + ||Aa;||i2 + ||Aj||2,2) 

< (7(1 + + u ■ Vu — u ■ Vu — b ■ Vj — Vbi x 5*611^2 

i 

+ \\dtj + u ■ Vj — b ■ 'Vuj + Vuj X dib — Vbi x diu\\L 2 ) 

i i 

<C{e + y{t)f<^% 

which yields 

\\u\\l°°{0,T;H3) + ||^||l°°(0,T;H3) < C, 

This completes the proof of Theorem 11.21 

□ 


5 Proof of Theorem 11.3 


This section is devoted to the proof of Theorem 11.31 we only need to establish a priori 
estimates. 

First, it follows from fll.l2p and fll.l3|) that 

(5.1) 


(5.2) 


|L°°( 0 ,r;L°°) < C. 

Testing fll.l4p by u and using fll.l2p and fll.l3p . we see that 

[ pv?dx+ [ iVupdx = f {b-V)b-udx. 
2 dt Jq Jq Jq 

And testing fll.lSp by b and using fll.l2p and fll.lbp . we hnd that 

[ \b\‘^dx+ [ \cui\b\‘^dx = [ {b-V)u-bdx. 
2 dt Jq Jq Jq 


Summing up fl5.2p and (15.3p . we get the well-known energy inequality 

FT f + f (|Vm|^-I-| curl < 0. 

2 dt Jq Jq 


(5.3) 


(5.4) 


(I) Let (11.211) hold true. 
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Testing fll.lSp by \b\P % [2 < p < oo), using fll.l2p . fl2.2p . 
= |&| 2 , and using the Gagliardo-Nirenberg inequality [3]: 


and fl2.5p . and setting 


, 1 --, 


11011^^,2 < G ||(/)||^2 11011^1 with 3 < s < cx), 

and the generalized Holder inequality [T3] : 

\\fg\\LP’i < C\\f\\LPim\\g\\LP 2 ^n 

with - = — + — and - = — + we derive 
p Pi P 2 q qi <j 2 ’ 


1 d 


\h\Pdx + - / \h\P-^\Vh\‘^dx + A 


p — 2 


pdt ' 2 Jn 

= - [ \b\^~\b ■ V)v ■bd(T+ [ {b- V)u ■ \bf-^bdx 
JdQ Jq 

<\\Vu\\l^ [ \b\Pda-y2 [ biudi{\b\P-%)dx 

J (9f! j Jfl 

f (jy^da + C f \u(f)V(j)\dx 
Jan Jn 


\V\b\^^dx 


'an 


< cikiu>ikii«. + cii'«iujii.|ih"iiv^iii; 


< 2 


P Jn 


|v</.rdx + q|0||i2 + ch||i7H|0||i2, 


which yields 


^ f (j)^dx + C f \V(p\‘^dx <C{l + \\u\\l/)\\(j)\\l 2 


<G 1 + 


<G 1 + 


from which it follows that 


\u\ 


2s 

I s-3 

I 


1 + log(e+ \\u\\lsJ 


\u 


2s 

I s-3 

iLt 


1 + log(e+ \\u\\lsJ 


ll</>lli2(l + log(e+ ||m||lj,)) 


(1 + log(e + 2/))||0||i2, 



with 


\L--{to,t;LP) + I I \b\‘^\Vb\‘^dxdT <C{e + y{t)f°^ 

' to J Q. 


y{t) := sup \\u\\wiA 
[to,t] 


(5.5) 


(6.6) 


(6.7) 
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for any 0 < Iq < t < T and Cq is an absolnte constant, provided that 

f 

Jto 


\\U 


2s 

I s -3 

\l?.. 


-dr < e « 1. 


l + log(e+ IlnlUj,) 

Testing (11.141) by Ut, nsing (II .12^ and (11.131) . we infer that 

f \'\/u\‘^dx+ [ p\ut\^dx = — [ pu ■ V u ■ Utdx + f b-Wb-Utdx 
2 dt Jq Jq Jq Jq 

= :/i + /2. 

We first compnte 12- 

h = I div {b® b) ■ Utdx = — / b®b : Vutdx 

Jn 

b®b ■. Vudx + 2 / b®bt'. Vudx 


< - 

< - 

< - 


dt 

dt 

d 

dt 

d 

dt 


b®b : Vudx + C'||6t||L2||f)||£,6 ||Vm||l 3 

» 

b®b : Vudx + C'||6jL2||f)||£,6||VM||22||M|||^2 

» 

b®b: Vudx + S\\bt\\l 2 + S\\u\\l 2 + C\\b\\le\\Vu\\l 2 


for any 0 < 5 < 1. 

We nse fIS.ip . fl5.5p and fl5.6p to bonnd Ji as follows. 

< C\\^Ut\\L4u\\Ld^u\\l~2^\\u\\l2 

< h||\/nj^2 + 511^11^2 + C'||w||£/ l|V'u||^2 

for any 0 < h < 1. 

On the other hand, by the if ^-theory of the Stokes system, and nsing fl5.ll) . 


up, we obtain 


|m||h 2 < O — An + V +-|6p 

< C\\pdtu + pu ■ Vu — b ■ V 6 ||l 2 

< C\\^pu4l^ + C\\u\\lsJVu\\ + 0115 ■ V 6 IU 2 

< C\\^put\\L 2 + OllnlUJlVnlli^O ||n|||, + 0115 ■ V5|U2, 


L2 


which gives 


ImIIh" < CW^UtWs^ + C||6- V6||i. + C||«|ti.’||Vu||i.. 


(5.8) 


(5.9) 


(5.10) 


(5.11) 
ga and 


(5.12) 
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Testing fll.lSp by 6* — Ab, using flS.Sp and fl5.6p . we deduce that 


f |curlfepdx+ f {\bt\‘^ + \Ab\‘^)dx 
at Jn Jn 

= j {b-Vu-u- Vb){bt - Ab)dx 

< miLsjvbw^^, + \\bh4^uhs)mh^ + \\Abh2) 

< C{\\uUjVb\\];J\\b\\l, + C||6|Ua||Vn||i||«||i)(||6,|U. + ||A6|U.) 

A 2+ II^^IIlz) + 5||'u||^ 2 + C'll^lliellV'u||^2 + C||tt||£A||Vf)||^2 + C (5.13) 

for any 0 < h < 1. 

It is easy to compute that 


d 

dt 


m'^dx <C 


in 


<q|6|li.|IMIi=<^l|6<lli^ + c||6||i. 


(5.14) 


for any 0 < 5 < 1. 

Combining fl5.9p . flh.lOp . flh.lip . fl5.12p . fl5.13p and fl5.14p . and taking 6 small enough, we 
obtain 

^ f (I Vwp + |curl + 5 (g) 6 : Vm + Co\b\4dx + f (p|MiP + + \ Ab\4dx + ||m ||^2 

dt Jq Jn 

< C\\b\\U^u\\l, + C\\u\\^4\\^4\h + I|curlfe||i 2 ) + C||6 ■ V5||i2 + C. (5.15) 

Using fl5.4D . fl5.7p . fl5.8p and the Gronwall inequality, we have 

[ (I Vwp + |curl 6|2 + 6 (g) 6 : Vm + Co|6|^)dx 

Jn 

< / (|VmoP + |curl 6 oP + 60 G) 60 : Vmq + Co\bo\4dx 


+C\\b\\U^,^,,,eJ \\Vu\\UT + C{t-to) + C Wb-VbWUr 


'^0 


'^0 


exp 


2s 

\u\\l4dT 


^0 


\U\ 


2s 
I s—3 


- dr (1 + \og{e + y)) 


<C{e + yf°^exp , ^ ,, ^ 

/to l + log(e+ ||m||l^) 

<C{e + yf°^. 

Plugging fl5.16p into (15.151) and integrating over [toT]; we have 

/ [ {p\ut\‘^ + \bt\‘^ + \Ab4)dxdT + f ||ti||^2dT < (^(e + 

J tQ J ^ J Jq 


(5.16) 


(5.17) 
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Applying dt to fll.lSp . testing by using fll.l2p and fll.lSp . we obtain 

— / + j 

= — / pu ■'\/\ut\‘^dx — / pu ■V{u-Vu ■ Ut)dx 

Jn Jn 

— J put ■ Vu ■ Utdx + J b®bt Vutdx + J bt®b\ Vutdx 

< C\\u\\L4V~pMLA\^Ut\\L^ + C\\u\\Le\\Vu\\L4ut\\Le\\Vu\\L2 

+c\\u\\14Au\\l4u4l^ + c\\u\\14Vu\44Vu4l2 
+c\\^u414Vu\\l 2 + c\\b\\L4b4L4^ut\\L^ 
<c\\Vu\\l2\\^u414^u414Vu4l^ 

+C\\b\\Le\\b4Ls\\Vu4L2 

< c\\Vu\\L4Vp^t\\U^u4l + c\\Vu\\14u\\h4^u4l^ 

+ C||V«|U2||^^xJ|,||VMj|,+C'||6|U6||6J^3||V^Xi|U2 

< ^ll^'“i|lL2 + C\\Vu\42{\\y/pUt\\‘i2 + ||w||^2) + C'llfelliell&tilia 

< t||v«,iri. + C||v«|il.(|iv?;«,|li» + ll>‘lll,=) + t||™ri 6 ,|ii, + q|(.|il,|| 6 .||i.^ (s.is) 

Applying dt to fll.lSp . testing by bt and using fll.l2p . we get 

[ \btfdx + [ \cur\btfdx 


2 dt 


{ut ■ Vb — btVu — b ■ Vut)btdx 


in 


< WutMmiML^ + ||v«|U2||6*||i4 + \\Vut\\L44L4b4L^ 

< i||V«,|li. + t||ci.rl6,||i, + C||V6||i,||6,||i, + C||Vu||i,||6,||i.. 

Combining flS.lSp and fl5.19p and integrating over [to,t], we have 

f {\put\‘^ + \bt\'^)dx + [ [ {\Vut\‘^+ \cuT\bt\‘^)dxdT < C{e + y)^°^. 


(5.19) 


(5.20) 


^0 


Similarly to fl5.12p . we deduce that 

\\u\\h^ < CW^Uth^ + C\\u\\Le\\Vu\\L. + C\\b\\Le\\Vb\\^3 

< cw^uth^ + C\\uh 4 ^u\\i 4 u\\l 2 + c\\b\44Vb\\i4b\\i,, 
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which leads to 


Ml, < C\\^.\\l, + C||V«||i, + C||V6||i= + i||4|||,. 
Similarly, we have 


\\h\\H^<C\\ht + u-Vh-h-Vu\\L2 

< c\Ml 2 + c||«|U6||v6|U3 + c\\b\\L4Vu\\L3 

< cwkh^ + c\\u\\L4^b\\i4b\\i, + c'||f)|U6||v«|||,||^/||i„ 


which implies 


< C\\b4l. + c\\Vu\\% + C\\vb\\% + -11411,. 


Combining (I5.2ip and (I5.22p . using (15.20^ and (I5.16p . we conclude that 

IWWh^ + 11 ^ 11^2 < C{e + 

and thus 


Now it is standard to prove that 


|L°°(0,T;ir2) ^ 


< C. 


1144^(0,T-,H^) + ||^||l2(0,T;//3) < C, 
||p||l°°(0,T;//2) < C. 


(5.21) 


(5.22) 

(5.23) 

(5.24) 

(5.25) 

(5.26) 


(II) Let (I1.22P hold true. 

Similarly to fl5.7p . we take s = oo and using fl2.4p . we still get fl5.7p provided that 

/ \Ht)\\lModt < e « 1. (5.27) 

Jto 

We still have (15.9p . (I5.10p . (15.lip with s = oo, (15.121) with s = oo, (15.131) with s = oo, 
(I5.14p . (I5.15P with s = cxo, and then using (15.271) and (12.4p . we arrive at (I5.16p and (I5.17p . 
Then by the same calculations as that in fl5.18p - fl5.26l) . we conclude that fl5.18p - fl5.26p hold 
true. 

This completes the proof of Theorem 11.31 

□ 

6 Proof of Theorem 11.41 

This section is devoted to the proof of Theorem II.4[ we only need to establish a priori 
estimates. 
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First, using the formula a x (6 x c) = (a • c)b — (a ■ b)c, and the fact that \d\ = 1 implies 
dAd = — |Vdp, we have the following equivalent equation 


^dt — ^dxdt = Ad + d\Vd\‘^. 

Testing (16.ip by dt and using {a x b) ■ b = 0 and d ■ dt = 0, we get 


dt 


\Vd\‘^dx+ / \dt\‘^dx<0. 


Testing (11.231) by —Adt and using |(i| = 1, we find that 


2 dt 


\Ad\‘^dx + / iVdtpdx = — / {d\Vd\'^ + d x Ad) ■ Adtdx 


( 6 . 1 ) 


( 6 . 2 ) 


= / V(d|V(i|^ + dxAd)- Vdtdx 

Jn 

<C{\\Vd\\L4^df ,, +||V(i|U.||Ad|| ^ + \\VAd\\L2)\\Vdt\\L2 

< C7(||Vd|U,||Ad|| ^ + \\VAd\\L4\\Vdt\\L2 

< C(||Vd|U,||Ao!||hh<'llL + IMIlH»)l|V<i,|U. 

< jll+ <S|MII«3 + C||Vd||*IIAdlli. (6.3) 

for any 0 < 5 < 1. Here we have used the Gagliardo-Nirenberg inequalities: 

||Vd||2 4, <C'||d|Uoo||Ad|| (6.4) 

IIAdll^^ <C||A<i||y'||rf|lh. (6.5) 

Applying di to (ll.23p . we get 

didt — Adid = di{d\Vd\^) + did x Ad + d x Adid. 

Testing the above equation by Adid, summing over i, and using (16.41) and (16.51) and 
|(i| = 1, we obtain 

\\d\\H3<Cm\L^ + \\^M\L4 

<C + C\\\/dt\\L^ + CII V(d|Vd|2)|U2 + ^ C\\did X Ad||i2 

i 

<C + C\\Vdt\\L2 + C\\Vd\\L4^df ,, +C'||Vd|U,||Ad|| 2, 

L'^ 

<c + c\\vd4L2 + c\\vd\\L4M\ 

L'^ 

<C + C\\Vd4L2 + C'||Vd||M||Ad||^;id|||3, 
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which yields 


( 6 . 6 ) 


Mh^ <C + C\\Vdt\\L2 + C\\Vd\\l-^ \\Ad\\L2. 
Plugging fl6.6|) into fl6.3p and taking 6 small enough, we have 

^ [\Ad\‘^dx+ [ \Wdt\^dx 

dt Jq Jq 

2q 


<C + C\\Vd\\l-^\\Ad\\l2 

2q 


<c + c 


IlVdIll/ 


1 + log(e + \\Vd\\Lx 


■||Ad||i.log(e+||Vd||M) 


which implies 


Provided that 


_2q_ 

<c + C + y), 

1 + log(e + ||Vd||L.) 

[\Ad\'^dx+ [ [ I'Vdtl'^dxdT < C{e + 

-dr < e « 1, 


(6.7) 


to J ^ 




Ito 1 + log(e + II V(i||L9 


with y{t) := sup ||d||_f/3 for any 0 < to < t < T and Co is an absolute constant. 

lto,t] _ 

It follows from (11.231) . (16.6p and (16.7p that 

[ \dtfdx+ [ lldll^sdr < C(e + (6.8) 

J Q, J tQ 

Applying dt to (ll.23p . testing by —Adt, and using |(i| = 1, (16.71) and (16.8p . we have 


1 d 

2 dt 


iVfitl^dx + / \Adt\‘^dx = — [9t(d|V(i|^) + dt x Ad]Adtdx 


< C'dlVdllielldtlUe + ||Vd|U6||Vdd|L3 + ||di|U-||Ad|U2)||Add|L2 

< c'divdiiielMtlUe + ||Ad|U2||vddl!2||Addl!2 + iiAdiu^iiddUOIIA^^ilU^ 
A 2 + C'^llr/allddlni + C'||d||^2||ddli2, 


which implies 


\'Vdt\‘^dx+ / IIA(idli 2 dT < (7(6 + 


(6.9) 


'to 


It follows from (16.6p . (16.7p . (16.8p and (16. 9 p that 

||d||H3 < C' + CIIVddlL3 + CIIVdlliellAd|U 2 < C{e + yf°^ 
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which leads to 


l|(^l|L°°(0,r;_H'3) < C. 


This completes the proof of Theorem 11.41 

□ 
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